The highly sparse nature of propagation channels and the restricted use of radio frequency (RF) chains at transceivers limit the performance of millimeter wave (mmWave) multiple-input multiple-output (MIMO) systems. Introducing reconfigurable antennas to mmWave can offer an additional degree of freedom on designing mmWave MIMO systems. This paper provides a theoretical framework for studying the mmWave MIMO with reconfigurable antennas. We present an architecture of reconfigurable mmWave MIMO with beamspace hybrid analog-digital beamformers and reconfigurable antennas at both the transmitter and the receiver. We show that employing reconfigurable antennas can provide throughput gain for the mmWave MIMO. We derive the expression for the average throughput gain of using reconfigurable antennas, and further simplify the expression by considering the case of large number of reconfiguration states. In addition, we propose a low-complexity algorithm for the reconfiguration state and beam selection, which achieves nearly the same throughput performance as the optimal selection of reconfiguration state and beams by exhaustive search.
I. INTRODUCTION
The ubiquitous use of wireless devices in modern life is creating a capacity crisis in wireless communications. Exploring the millimeter wave (mmWave) band for commercial wireless networks is regarded as a promising solution to the crisis, since the large available bandwidth may offer multiple-Gbps data rates [1] . A major difference between low-frequency communications and mmWave communications is the huge increase in carrier frequencies, which results in propagation challenges for mmWave communications, such as large pathloss and severe shadowing [2] . Meanwhile, the small wavelength enables a large number of antennas to be closely packed to form mmWave large multiple-input multiple-output (MIMO) systems, which can be utilized to overcome the propagation challenges and provide reasonable signal to noise ratios (SNRs) [3] . However, the performance of mmWave MIMO is still considerably limited due to the high sparsity of the channels and the stringent constraint of using radio frequency (RF) chains in mmWave transceivers. The directional propagations and clustered scattering make the mmWave paths to be highly sparse [1] . More importantly, the high cost and power consumption of RF components and data converters preclude the adoption of fully digital processing for mmWave MIMO to achieve large beamforming gains [1, 4] , and low-complexity transceivers relying heavily on analog or hybrid (analog-digital) processing are often adopted [5] [6] [7] .
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The limited beamforming capability and performance of mmWave MIMO motivate us to investigate the potential benefits of employing reconfigurable antennas for mmWave MIMO in this work. Different from conventional antennas with fix radiation characteristics, reconfigurable antennas can dynamically change their radiation patterns [8, 9] , and offer an additional degree of freedom on designing mmWave MIMO systems. The radiation characteristics of an antenna is directly determined by the distribution of its current [10] , and the mechanism of reconfigurable antennas is to control the current flow in the antenna by altering the antenna's physical configuration, so that the radiation pattern, polarization, and/or frequency can be modified. The study of reconfigurable antennas for traditional low-frequency MIMO has received considerable attention, e.g., [11] [12] [13] from the perspective of practical antenna design and [9, 14] from the perspective of theoretical performance analysis. More recently, reconfigurable antennas for communications at mmWave frequencies have been designed and realized, e.g., [15] [16] [17] . The design of space-time codes for a 2×2 mmWave MIMO with reconfigurable transmit antennas was investigated in [18] and [19] , and the diversity gain and coding gain were demonstrated. Due to the simple structure of a 2×2 MIMO, neither the important sparse nature of mmWave channels nor the transceivers with low-complexity beamforming were considered in [18] and [19] .
In this work, we provide a theoretical framework for studying the reconfigurable antennas in mmWave MIMO systems. We take the sparse nature of mmWave channels into account, and present a practical architecture of the mmWave MIMO with low-complexity beamformers and reconfigurable antennas. We derive the expression for the average throughput gain, which involves an infinite integral of the error function. We further consider the case of large number of reconfiguration states, and derive the simplified expression for the average throughput gain. To the best of our knowledge, the throughput gain of employing reconfigurable antennas have never been derived in the literature, even in the case of lowfrequency systems. Moreover, we propose a fast algorithm for selecting the reconfiguration state of the antennas and the beams for the beamspace hybrid beamformers. Taking advantage of the sparse nature of mmWave channels, the proposed algorithm significantly reduces the complexity of the reconfiguration state and beam selection, and achieves nearly the same throughput performance as the optimal selection of reconfiguration state and beams by exhaustive search.
Notations: X and X denote the transpose and conjugate transpose of X, respectively, X ( , ) denotes the entry of X in the -th row and -th column, Tr(X) denotes the trace of X, |X| denotes the determinant of X, ∥X∥ denotes the Frobenius norm of X, Re[ ] and Im[ ] denote the real and imaginary parts of , respectively, ⊙ denotes the Hadamard (element-wise) product, | | denotes the cardinality of set , sgn(⋅) denotes the sign function, erf(⋅) denotes the error function, erf −1 (⋅) denotes the inverse error function, {⋅} denotes the expectation operation, ℙ(⋅) denotes the probability measure, I denotes the identity matrix of size , ( , 2 ) denotes the complex Gaussian distribution with mean and variance 2 , and (a, A) denotes the distribution of a circularly symmetric complex Gaussian random vector with mean a and covariance matrix A.
II. SYSTEM MODEL
We consider a mmWave system where a transmitter with antennas sends messages to a receiver with antennas. We assume that both the transmitter and the receiver are reconfigurable simultaneously, and the total number of possible combinations in which the transmit and receive ports can be reconfigured is Ψ. We refer to each one of these combinations as a reconfiguration state, and refer to the -th reconfiguration state as reconfiguration state .
We consider the narrowband block-fading channels. Denote the transmitted signal vector from the transmitter as x ∈ ℂ ×1 with a transmit power constraint Tr
The received signal at the receiver with reconfiguration state is given by
where H ∈ ℂ × denotes the channel matrix corresponding to the reconfiguration state and n ∼ (0; 2 I ) denotes the additive white Gaussian noise (AWGN) vector at the receive antennas. Note that H ( , ) represents the channel coefficient that contains the gain and phase information of the path between the -th transmit antenna and the -th receive antenna in the reconfiguration state . We assume that the channel matrices for different reconfiguration states are independent [9, 14, 18, 19] , and have the same average channel power such that
We further assume that the channel state information (CSI) of all reconfiguration states is perfectly known at the receiver [9, 14, 18, 19] . The full CSI is not necessarily known at the transmitter.
A. Channel Model
In the following, we present the channel model of mmWave MIMO systems with reconfigurable antennas.
1) Physical Channel Representation: The mmWave MIMO channel can be characterized by physical multipath models. In particular, the clustered channel representation is usually adopted as a practical model for mmWave channels. The channel matrix for reconfiguration state is contributed by ,cl scattering clusters, and each cluster contains ,ry propagation paths. The 2D physical multipath model for the channel matrix H is given by
where , , denotes the path gain, , , and , , denote the angle of arrival (AOA) and the angle of departure (AOD), respectively, a (   , ,   ) and a ( , ,
) denote the steering vectors of the receive antenna array and the transmit antenna array, respectively. In this work, we consider the 1D uniform linear array (ULA) at both the transmitter and the receiver. The steering vectors are given by a ( , ,
] and a ( , ,
, where denotes the normalized spatial angle. The normalized spatial angle is related to the physical AOA or AOD ∈ [− /2, /2] by = sin( )/ , where denotes the antenna spacing and denotes the wavelength. We assume that 1,cl = ⋅ ⋅ ⋅ = Ψ,cl and 1,ry = ⋅ ⋅ ⋅ = Ψ,ry , which implies that the sparsity of the mmWave MIMO channel remains the same for all reconfiguration states.
2) Virtual Channel Representation:
The virtual (beamspace) representation is a natural choice for modelling mmWave MIMO channels due to the highly directional nature of propagation [20] . The virtual model characterizes the physical channel by coupling between the spatial beams in fixed virtual transmit and receive directions, and represents the channel in beamspace domain.
The virtual channel representation of H in (2) is given by [21, 22] 
are fixed virtual receive and transmit angles corresponding to uniformly spaced spatial angles 1¨,
are unitary DFT matrices, and H , ∈ ℂ × is the virtual channel matrix. Since A A = A A = I and A A = A A = I , the virtual channel matrix and the physical channel matrix are unitarily equivalent, such that H , = A H A .
3) Low-Dimensional Virtual Channel Representation: The link capacity of a MIMO system is directly related to the rank of the channel matrix H , which depends on the amount of scattering and reflection in the multipath environment. An important property of the mmWave MIMO channel is its highly sparse structure, i.e., rank {H } ≪ min { , }. In the clustered scattering environment of mmWave MIMO, the dominant channel power is expected to be captured by a few rows and columns of the virtual channel matrix, i.e., a lowdimensional submatrix of H , .
The discussion above motivates the development of lowdimensional virtual representation of mmWave MIMO channels and the corresponding low-complexity beamforming designs for mmWave MIMO transceivers [23] [24] [25] [26] . Specifically, a low-dimensional virtual channel matrix, denoted byH , ∈ ℂ × , is obtained by beam selection from H , , such that H , captures dominant transmit beams and dominant receive beams of the full virtual channel matrix. The lowdimensional virtual channel matrix is defined bỹ
where
and ℳ is the beam selection mask. The beam selection mask ℳ is related to the criterion of beam selection.
B. Transceiver Architecture
We adopt the reconfigurable beamspace hybrid beamformer as the architecture of low-complexity transceivers for mmWave MIMO systems with reconfigurable antennas.
At the transmitter, the symbol vector s ∈ ℂ ×1 is first processed by a low-dimensional digital precoder F ∈ ℂ × , where denotes the number of RF chains at the transmitter. The obtained × 1 signal vector is denoted byx = Fs, which is then converted to analog signals by digital-toanalog converters (DACs). Next, the signals go through the beam selector to obtain the × 1 (virtual) signal vector x . For a given beam selection mask ℳ, x is constructed by [x ( )] ∈ℳ =x and [x ( )] / ∈ℳ = 0, where ℳ = { : ( , ) ∈ ℳ}. The beam selector can be easily realized by switches in practice. x is further processed by the DFT analog precoder A ∈ ℂ × , and the obtained signal vector is given by x = A x . Note that Tr
Finally, the transmitter sends x with the reconfigurable antennas.
The received signal vector at the receive antennas with a given reconfiguration state is given by
At the receiver side, y is first processed by the IDFT analog decoder A ∈ ℂ × , and the obtained (virtual) signal vector is given by y = A y = H , x + n , where the distribution of n = A n is (0; 2 I ). According to the given beam selection mask ℳ, the receiver then uses the beam selector to obtain the low-dimensional × 1 signal vectorỹ = [y ( )] ∈ℳ , where denotes the number of the RF chains at the receiver and ℳ = { : ( , ) ∈ ℳ}. The low-dimensional virtual system representation for a given reconfiguration state is formulated asỹ
The analog signals are finally converted to digital signals by analog-to-digital converters (ADCs) for the low-dimensional digital signal processing.
As mentioned earlier, we assume that the full CSI is perfectly known at the receiver, and a limited feedback is available from the receiver to the transmitter to enable the beam selection and the reconfiguration state selection. Per the number of all possible combinations of selected beams and reconfiguration states, the number of the feedback bits is equal to log 2 (Ψ)+log 2 ( ( )( ) ) . We assume that = ≤ to maximize the multiplexing gain of the system. The digital precoder at the transmitter is then given by F = I with equal power allocation between the data streams, since the transmitter does not have the full CSI. At the receiver, the digital decoder is the joint ML decoder for maximizing the throughput. With the aforementioned transceiver architecture and CSI assumptions, the system throughput with a selected H , is given by [22] H , = log 2 I +H ,H , ,
where = / 2 denotes the transmit power to noise ratio.
III. THROUGHPUT GAIN OF EMPLOYING RECONFIGURABLE ANTENNAS
In this section, we analyze the performance gain of employing the reconfigurable antennas in terms of the average throughput. With the optimal reconfiguration state selection, the instantaneous system throughput is given bŷ
represents the maximum achievable throughput under the reconfiguration state ,Ĥ , denotes the optimal lowdimensional virtual channel of H , , andH denotes the set of all possible × submatrices of H , . The average throughput gain of employing the reconfigurable antennas is given by¯=¯ˆ,
where¯ˆ= {ˆ},¯= { }, and the expectation is over different channel realizations. As mentioned before, we assume that the channel matrices for different reconfiguration states have the same average channel power, and hence,¯1 = ⋅ ⋅ ⋅ =¯Ψ.
Based on the simulation shown later in Section V, we have the following conjecture regarding the distribution of . Conjecture 1: The distribution of can be approximated by a Gaussian distribution, and the approximated pdf of is given by
where¯and 2 denote the mean and the variance of , respectively.
The average throughput gain of employing the reconfigurable antennas is then given in the following proposition.
Proposition 1: The average throughput gain of employing the reconfigurable antennas with Ψ distinct reconfiguration states is approximated bȳ
Proof: With the Gaussian approximation of the distribution of , we can obtain the approximatedˆas the maximum of Ψ i.i.d. Gaussian random variables, andˆ≈
where ( ) denotes the approximated cdf of . Substituting the approximatedî nto (10) completes the proof.
We now consider the case that the number of reconfiguration states is large, and derive the simplified expression for¯in the following proposition.
Proposition 2: When Ψ is large, the average throughput gain of employing the reconfigurable antennas is approximated by¯≈
where denotes the Euler's constant.
Proof: Proposition 2 can be proved with the aid of Fisher-Tippett theorem to approximate the distribution of the maximum of Ψ independent standard normal random variables as a Gumbel distribution [27, Chapter 10] . The detailed proof is omitted here.
IV. FAST RECONFIGURATION STATE AND BEAM SELECTION
The objective of selecting the optimal reconfiguration state and beams is to obtain the corresponding optimalH , that maximizes the system throughput given in (7) . The design problem of selectingH , is formulated as
A straightforward method to obtain the optimalH , is the exhaustive search among all possible selections ofH , . That is, we first search for the optimal beam selection for each reconfiguration state to obtainĤ , , i.e., the optimal lowdimensional virtual channel of H , . Then, we compare the obtainedĤ , among all reconfiguration states to complete the selection of optimalH , , denoted byĤˆ, . The total number of possible selections to search is given by total = Ψ ( )( ) . When ≫ , ≫ , and Ψ ≫ 1, the total number to search, total , would be too large for practical applications due to the high complexity. Thus, in what follows, we propose a low-complexity design to obtainĤˆ, which achieves the near optimal throughput performance.
As discussed earlier, the mmWave MIMO channel has a sparse nature such that rank {H } ≪ min { , }. Also, the rank of the channel matrix is directly related to the number of non-vanishing rows and columns of its virtual representation. Now let us consider an extreme scenario such that all of the non-vanishing entries of H , are contained in the low-dimensional submatrix, and H , is approximated by
where 
To reduce the complexity of beam selection, we utilize some techniques for MIMO antenna selection. Again due to the high sparsity of mmWave channels, the dominant beams usually significantly outperform the other beams, and they can be easily selected by the fast beam selection scheme. Note that the transmitter does not have the full CSI in the considered system, and hence, the existing beamspace selection schemes in, e.g., [24] , with the requirement of full CSI on the beamspace channel at the transmitter are not applicable in our work. Our fast beam selection method is explained next. The beam selection problem in fact includes both transmit and receive beam selections. We adopt a separable transmit and receive beam selection technique [28] for first selecting the best receive beams and then selecting the best transmit beams. For both the receive and transmit beam selections, a technique based on the incremental successive selection algorithm (ISSA) [29] is utilized. We start from the empty set of selected beams and then add one beam at each step to this set. In each step, the objective is to select one of the unselected beams that leads to the highest increase of the throughput.
The proposed fast reconfiguration state and beam selection methods are summarized in Algorithm 1. The outputs of the algorithm are the optimal reconfiguration state, the indices of the selected receive beams, the indices of the selected transmit beams, and the selected low-dimensional virtual channel, denoted byˆ, ℳ , ℳ , andĤˆ, , respectively.
V. NUMERICAL RESULTS
For all simulation results in this work, we adopt the clustered multipath channel model in (2) to generate the channel Algorithm 1 Fast reconfiguration state and beam selection 1: procedure FASTSELALG( , , , , , H1 end for 24: returnˆ, ℳ , ℳ ,Ĥˆ, ; 25: end procedure matrix. We assume that , , are i.i.d. , , = , where is a normalization parameter to ensure that {∥H ∥ 2 } = . We also assume that , , are uniformly distributed with mean , and a constant angular spread (standard deviation) . , , are uniformly distributed with mean , and a constant angular spread (standard deviation)
. We further assume that , and , are both uniformly distributed within the range of [− /2, /2]. The system parameters are = = 17, = = 5, ,cl = 3, ,ry = 10, = = 4 ∘ , and / = 1/2. All average results are over 5000 randomly generated channel realizations.
We first demonstrate the accuracy of the Gaussian approximated pdf of . Figure 1 plots the simulated pdf and the Gaussian approximated pdf of . Different transmit power to noise ratios are considered, i.e., = 0 dB and = 10 dB. As presented in the figure, the Gaussian approximations match precisely the simulated pdfs for both = 0 dB and = 10 dB. These observations confirm that the distribution of can be well approximated by the Gaussian distribution. We then show the average throughput gain of employing the reconfigurable antennas. Figure 2 plots the average throughput gain,¯, versus the number of reconfiguration states, Ψ. The illustrated results are for the actual gain by simulations, the theoretical approximation in (12) , and the simplified theoretical approximation for large Ψ in (13) . Note that the case of Ψ = 1 represents the conventional beamspace mmWave system without the reconfigurable antennas, although we do not have access to the full CSI at the transmitter. As depicted in the figure, the derived theoretical approximations match precisely the simulated results. In particular, we note that the simplified approximation for large Ψ in (13) has good accuracy even when Ψ is small. From both the simulation and the approximations, we find that employing the reconfigurable antennas provides average throughput gains compared with the conventional system without the reconfigurable antennas. In addition, we find that the growth of¯with Ψ is fast when Ψ is small, while it becomes slow when Ψ is relatively large. This finding indicates that the dominant average throughput gain of employing the reconfigurable antennas can be achieved by having a few number of reconfiguration states. Finally, we examine the performance of the proposed algorithm for fast reconfiguration state and beam selection by evaluating the average throughput loss ratio, which is defined by Δ = (¯o pt −¯f ast ) /¯o pt , where¯o pt denotes the average throughput achieved by the exhaustive search and¯f ast denotes the average throughput achieved by the proposed fast selection algorithm. Figure 3 plots the throughput loss ratio, Δ , versus the transmit power to noise ratio, . Systems with different numbers of reconfiguration states are considered, i.e., Ψ = 2, Ψ = 4, and Ψ = 8. As shown in the figure, the proposed fast selection algorithm always achieves the near optimal throughput performance. Although Δ increases as Ψ increases, the throughput loss ratio is less than 0.9% even when Ψ = 8.
VI. CONCLUSIONS
In this paper, we have presented a framework for the theoretical study of the mmWave MIMO with reconfigurable antennas, where the low-complexity transceivers and the sparse channels are considered. We have shown that employing reconfigurable antennas can provide the throughput gain for mmWave MIMO systems. The approximated expression for the average throughput gain have been derived. Based on the highly sparse nature of mmWave channels, we have further developed a fast algorithm for the reconfiguration state and beam selection. The accuracy of our derived approximations and the performance of the developed algorithm have been verified by simulation. We have found from the results that the dominant throughput gains by employing the reconfigurable antennas can be achieved by having a few number of reconfiguration states.
